We study the Hamiltonian dynamics of the dust-Bianchi IX universe in dust time gauge. This model has three physical metric degrees of freedom, with evolution determined by a time-independent physical Hamiltonian. This approach gives a new physical picture where dust-Bianchi IX dynamics is described by oscillations between dust-Kasner solutions, rather than between vacuum-Kasner solutions. We derive a generalized transition law between these phases, which has a matter component. Sufficiently close to a singularity, we show that this law reduces to the vacuum Belinski-Khalatnikov-Lifshitz map. We include an analysis with dust and a scalar field. Lastly, we describe a path integral quantization using the dust-time physical Hamiltonian, and derive an effective action for the dust-Kasner model by integrating out the anisotropy degrees of freedom.
I. INTRODUCTION
In a seminal work Belinski, Khalatnikov and Lifshitz (BKL) studied the approach to spacelike singularities in Einstein gravity by studying the Bianchi IX cosmological model [1] [2] [3] . Their analysis led to the so-called BKL conjecture, that the approach to spacelike singularities is universal, with evolution equations dominated only by time derivatives, and characterized by anisotropy oscillations. The conjecture states that the approach to a spacelike singularity is homogeneous, and therefore it is sufficient to study the most general such models to analyze near singularity dynamics. The literature in this area has since become vast [4] [5] [6] [7] [8] . Recent reviews are [9] [10] [11] . These works cover classical aspects of solutions with and without matter, and mini-superspace quantization,which began with Misner's work on Hamiltonian quantum cosmology in [12, 13] .
The vacuum Bianchi I model is considered the "free theory" of anisotropic cosmology, where dynamics is governed only by the gravitational kinetic term in the Hamiltonian constraint. Its solution is the Kasner metric
where the the (real) parameters p 1 , p 2 and p 3 are integration constants satisfying the two sum rules
The solution is thus characterized by one free parameter on the so-called Kasner circle at the intersection of this plane and unit sphere.
More complicated Bianchi models have interactions between the three scale factors arising from the Ricci curvature term in the Hamiltonian constraint. This is clear in the Hamiltonian formulation of Bianchi IX (or Mixmaster) Universe first studied by Misner [12, 13] . The Bianchi IX potential is an equilateral triangular box in configuration space with exponentially high sides. The potential vanishes in the region near the origin, so the solution there is the (vacuum) Kasner metric. Bianchi IX dynamics is thus equivalent to a particle in this box that undergoes collisions at the walls, and after each collision enters a new Kasner phase:
2 BKL derived a precise transition law for these exponents in the vacuum case, which was subsequently re-derived by Misner in a Hamiltonian formulation cited above. In the non-vacuum case it is clear that solutions are also labelled by matter integration constants, and so it is natural to expect that these additional constants should also participate in a generalized transition law.
In this article we derive the following results:
1. We formulate Bianchi IX dynamics in dust time gauge using the matter and geometry integration constants for the dust-Bianchi-I solution. We then derive a transition law, akin to the BKL-Misner law, which is valid at all times.
2. We demonstrate how this general transition law reduces to the BKL-Misner law in the near singularity limit, thus recovering the "matter does not matter result."
3. We construct a path integral for a dust-Bianchi I model and integrate out the anisotropies to yield an effective action for the average scale factor. As far as we are aware, this is the first use of matter time gauge for studying the quantum gravity path integral.
To put our work in perspective, let us highlight the main past works on classical and quantum dynamics of Bianchi IX with matter, which is our main focus.
There are several analyses of homogenous cosmologies from the covariant and canonical perspectives. The state of work on the canonical side as of the mid-1970s is in the book [14] . The book contains an exhaustive analysis of both vacuum and matter coupled models, including canonical quantization. The main developments in this area since then include work by Kuchar and Ryan [15] , who question the validity of minisuperspace quantization by studying one vacuum model embedded in another, and Brown and Kuchar [16] , who analyzed the canonical theory by using a four-component dust field to fix gauge. A simplification of this to a one-component dust is what we use here.
The recent work [7] proposes a Hamiltonian formulation of the BKL conjecture using new variables; this uses the vacuum equations in the connection-triad variables. Also related to our work is an analysis of proper time gauge for the vacuum quantum gravity path integral [17] ; the difference from our approach is that we use matter rather than a geometric variable as a clock. This also leads to the proper-time form of the metric, but with a significantly simpler physical Hamiltonian. A later work [18] studies the path integral for vacuum Bianchi I cosmology. However, like many other works, the non-vacuum path integral with matter remains largely unexplored.
On the covariant side, there are several analyses of the homogeneous Einstein equations with focus on near-singularity behaviour with dust. Among the pre-BKL papers is [19] where pressureless dust cosmologies are studied using a special set of tetrad frames. A generalization of this work to non-zero pressure appears in [20] . Post-BKL, a prominent work is [21] which defines and develops the structure of velocity dominated singularities. The lowest order equations in that work in the decoupling limit, where each space point propagates independently, is equivalent to the dust-Kasner model we study. Its Wheeler-DeWitt quantization was studied in [22] .
In addition to these works, more recent application of dynamical systems approach using volume time has produced a large body of results, with a recent compendium appearing in [23] . Using these methods, the approach to the singularity is analyzed in detail in [24] .
None of these works, or any others we are aware of, study the generalization of the BKL transition laws using Hamiltonian methods with matter and using a matter-time gauge. As we will see below, this approach also offers a new physical picture where the oscillatory dynamics may be viewed as occurring between dust-Kasner phases in a monotonic time variable. Our analysis demonstrates that this picture is useful for both the classical analysis of oscillations, and for the quantum theory, where the Wheeler-DeWitt equation does not have to be solved; instead it is replaced by a time-dependent Schrodinger equation (in dust time), albeit with an unusual physical Hamiltonian -a function of phase space variables which is identical in form to the Hamiltonian constraint, but is not constrained to vanish [25] .
We present the results stated above from this perspective, beginning in Section II where the dust time gauge in canonical general relativity is reviewed following [25] , and slightly generalized, . In Section III we give a new Hamiltonian derivation of the dust-Bianchi I solution. This is the Heckmann and Schücking [26] solution 1 . In Section IV and V we give an analysis of the approach to the Bianchi IX singularity. We show that there are anisotropy oscillations between the dust-Bianchi I solutions (which may be viewed as the "new free theory"), and we derive the corresponding transition rule. The new result here is a general transition law that includes (dust) matter and describes the dynamics of the model at all times. We show that sufficiently close to a singularity, this law reduces to the well-known vacuum BKL map. This recovers the "matter does not matter" result as a limit of our more general transition rule, which is in accord with analysis using other approaches [24] ; in this sense our results complement these works. In Sec. VI we add an additional scalar field, and analyze the dust time dynamics using the method of consistent potentials. In Section VII we develop a path integral quantization in dust-time gauge, and derive an effective action for the average scale factor by integrating out the anisotropy degrees of freedom. We close in Sec. VIII with a brief summary of our main results, and an outlook using our dust-time Hamiltonian approach for inhomogeneous models. An appendix contains a detailed outline of related work, which we include for completeness, and for the purpose of comparing our results.
II. THE HAMILTONIAN THEORY WITH DUST
We consider GR coupled to dust and any other arbitrary matter field,
The second term is the dust action, and the last is an arbitrary matter Lagrangian. Variation with respect to m gives the condition that the dust field φ has timelike gradient. The ADM canonical theory obtained from this action is
where the pairs (q ab ,π ab ) and (φ, p φ ) are respectively the phase space variables of gravity and dust. The matter fields are symbolically denoted by (χ, p χ ), although the number of fields and their tensorial structures will depend upon the choice of the matter Lagrangian. The lapse and shift functions, N and N a are the coefficients of the Hamiltonian and diffeomorphism constraints
where H G is the gravitational part of the Hamiltonian constraint and
The momentum conjugate to the field m is zero since it appears as a Lagrange multiplier in the covariant action. At this point one could enlarge the phase space to treat m and its conjugate momentum as independent degrees of freedom, subsequently eliminating them by gauge fixing. However, it is more straightforward to vary the term H D in the canonical action with respect to m, and use the resulting equation of motion:
This can then be substituted back into H D to give
leaving a canonical action for (q ab ,π ab ), (φ, p φ ) and the (non-dust) matter phase space variables. It is readily verified that the constraints remain first class with this elimination of m. We will see in the gauge fixing below how the sign is selected.
A. Dust time gauge
We now partially reduce the theory by fixing only a time gauge, and solving the Hamiltonian constraint to obtain a physical Hamiltonian. The spatial coordinates remain unfixed. We use the dust time gauge [25, 28] which equates the physical time with the scalar field, i.e., the spatial hypersurfaces are level surfaces of the dust field,
This is a special case of the Brown-Kuchar matter reference frame that fixes all four coordinate gauges. The condition (11) has a nonzero Poisson bracket with the Hamiltonian constraint, so this pair of constraints together is second class. A gauge condition is deemed good if the matrix of Poisson brackets of second class constraints is invertible and demanding that the gauge condition be preserved in time does not lead to new constraints. The first of these gives, using (10), the Dirac matrix of second class constraints
This matrix is invertible everywhere on the manifold. Thus, the dust time gauge does not breakdown at any point and is therefore a robust choice. The second condition, requiring that the gauge condition be preserved in time, gives an equation for the lapse function:
The corresponding physical Hamiltonian density is
where the second equality follows from solving the Hamiltonian constraint and the third using (13) .
We also note that the definition of p φ from the dust action, in this gauge, gives
Thus positive physical Hamiltonian for positive dust energy density requires N = −1, implying = −1. Substituting into (5) gives the gauge fixed action
up to surface terms, which do not concern us here. Thus we see that in the dust time gauge the diffeomorphism constraint reduces to that with only the gravity and matter (χ, p χ ) contributions, and the physical Hamiltonian is
The corresponding spacetime metric is
B. The spatially homogeneous sector
In the dust time gauge we equate the surfaces of homogeneity with level surfaces of the dust field. The general four dimensional spatially homogeneous metric can then be written as:
where ω i are invariant 1-forms corresponding to the three dimensional isometry group of the manifold and N i = 0. In the absence of matter fields besides the dust, the physical Hamiltonian for a spatially homogeneous background is
When q ij (t) is diagonal, a parametrization of the ADM canonical variables is
so the canonically conjugate pairs are (α i , π i ), i = 1, 2, 3. The physical Hamiltonian then takes the form
where V (α) is derived from the scalar curvature of the spatial slice, √ q = exp 3 i=1 α i , and v 0 is a fiducial volume we set to unity.
An alternative set of phase space variables, obtained from the above by canonical transformation, are the Misner variables (Ω, β + , β − ), and their conjugate momenta (defined in appendix A 2). The physical Hamiltonian in these variables is
We consider here the diagonal Bianchi I and IX spacetimes, for which the potentials V (Ω, β + , β − ) are
We make use of both sets of variables, the first to give a derivation of the dust-Bianchi I solution, and the second to study Bianchi IX dynamics. In either parametrization, since H p is a constant of the motion, the energy density of the dust m = H p / √ q diverges as the metric determinant goes to zero. Thus, √ q → 0 corresponds to a physical singularity.
III. DUST-BIANCHI I SPACETIME
The isometry group of the Bianchi I model is the three parameter group of translations in three dimensional Euclidean space. In the synchronous basis the metric is
The Kasner metric is the vacuum solution of this form. We now derive a metric of the same form with dust, in the dust time gauge. As we will see, this will turn out to be the Heckmann and Schücking [26] solution.
The physical Hamiltonian for this model is given by (22) with V (α) = 0. The Hamilton equations of motion arė
The second equation gives
with integration constants λ i .
A. Kasner solution:
In this case the above evolution equations imply
This gives the following solution for the scale factors a i = e α i :
where ξ i are constants of integration. The scale factors are not all independent, since they satisfy
which is derived from (29) , and δ = √ q(0).
Defining the exponents
we see that p 1 + p 2 + p 3 = 1, as for the Kasner solution. Furthermore, substituting the solution (28) into the physical Hamiltonian H K , and setting H K = 0, yields
using the definition (33) . Lastly, we can absorb the integration constants ξ i in the coordinates, and redefine t → t + 4δ/Λ to recover the Kasner solution. Therefore, the dust time gauge, with initial data chosen such that H K = 0, gives the vacuum Kasner solution -an unsurprising result since the dust energy density m vanishes for this case. We now turn to the H K = constant = 0 cases.
For H K = 0 we can invert the expression for the Hamiltonian to obtain an expression for √ q,
This givesα
while the term 24H K δ − Λ 2 is proportional to
Therefore, for H K > 0, there are two classes of solutions, with initial data satisfying either
or
At the end of this section we'll show that the second class of solutions is not physically viable. If (39) is satisfied, then (36) can be integrated to give
where y = 3H K t + Λ,
and ξ i are integration constants satisfying ξ 1 ξ 2 ξ 3 = −1/(24H K ). This is the Heckmann-Schücking solution
as can be seen by defining
Interestingly, even for H K = 0, the exponents p i again satisfy
Addressing now the second set of data (40), it is convenient to define Γ 2 ≡ 24H K δ − Λ 2 . Then the solution of (36)
where
implying that at least one of the B i is imaginary and the solutions are not physical.
For completeness, we also present solutions with H K < 0. These solutions are not physically relevant since they correspond to a negative energy density for the dust. When H K < 0 we have
This implies that 24H K δ − Λ 2 < 0. Uo to this change, the solution solution has the same form
where τ and the exponents p i are defined as before.
D. Dust-Bianchi I spacetime with scalar field
In the presence of a free scalar field χ the physical Hamiltonian in the dust time gauge is
The equations of motion for the scale factor remain the same as in (27) . However equations for the momenta are now
and those for the scalar field areχ
The solution for π i substituted into the expression for the physical Hamiltonian H p gives
where now
The solution for the scale factors is
(The definition of Γ now uses H p rather than H K for the pure dust case). Defining the exponents
now gives
The second sum rule depends on the value of the conserved scalar field momentum and the integrations constants λ i . This has the correct limits for p χ = 0 (dust only), and for H p = 0 (vacuum). Substituting for the scale factors in the equation of motion for χ we havė
Since p χ = const, this can be integrated to give 
IV. DUST-BIANCHI IX SPACETIME
The Bianchi IX dynamics is most easily studied from the Hamiltonian perspective using Misner variables. The physical Hamiltonian is (23) with the non-zero potential in (24) . The metric is
where ω i are SO(3) covariant 1-forms and
The canonical equations of motion arė
The difference between these equations and the vacuum case studied by Misner is that with the dust there are three physical configuration degrees of freedom. Since the dust is used to fix the time gauge, all three degrees of freedom are manifested in the spatial metric, and the potential is a function of all three. Moreover, even though Ω appears only in the overall factor, it still has non-trivial dynamics in dust time.
The volume of the universe scales as e −3Ω , therefore the singularity is approached as Ω tends to infinity. Thus near the singularity the potential V IX (24) only plays a role when |v(β + , β − )| is sufficiently large. When the potential term is not dominant, the universe behaves like the dust-Bianchi I system studied in the last section. Therefore, Misner's picture of a particle in a time dependent triangular box can be interchanged with the particle inside a pyramidal well in configuration space depicted in Fig. 2 .
Projected on the (β + , β − ) plane, the contours of v(β + , β − ) scale linearly with Ω. As Ω increases, the contours move outwards. This can be seen by considering one section of the potential, say V = −2e −Ω−8β + for β + < 0: setting −2e −Ω−8β + = −C corresponds to contour section given by −8β + = ln these bounces are interspersed by durations in which the dynamics is kinetic term dominated and described by the dust-Bianchi I solution.
A key difference between the dust time dynamics in the present case, and Ω time in the standard (no dust) case, is that the singularity is reached in finite dust time. Indeed for H p > 0 i.e, the energy density of the dust is positive, the dust filled Bianchi IX universe has two physical singularities as shown in Fig. 1 ; this is an example of a more general result [29] . Fig. 1 also demonstrates that Bianchi IX dynamics in dust time gives oscillatory dynamics, just as for volume time in the vacuum case.
A. Method of Consistent Potentials
One way to establish that the Universe particle undergoes bounces at the moving walls of the potential (as the singularity is approached) is a self-consistent analysis called the Method of Consistent Potentials (MCP) [30] . The basic idea is to obtain a solution by neglecting the potential terms in the Hamiltonian, ie. a Bianchi I solution, and substitute this solution into the full Hamiltonian, ie. with the potential terms included. If the dynamics is asymptotically velocity dominated, the neglected potential terms remain exponentially suppressed, i.e. the Bianchi I phase dominates. On the other hand, if one or more of the potential terms grow as the singularity is approached, the Universe may undergo a bounce to a new Bianchi I phase.
To apply MCP in our case we observe that the physical Hamiltonian for a dust-Bianchi IX spacetime is the sum of two terms H K and H V where
Near the singularity, Ω → ∞, so we use the dust-Kasner equations to find β ± (Ω) and substitute these into the potential. For large Ω the Hamilton equations give
where H is the value of the dust-Kasner hamiltonian and L, p 0 ± are integration constants related by p 0 + = L cos θ, p 0 − = L sin θ, a result which follows from the p Ω equation. Thus to linear order we have
Near the singularity the dominant terms in H V are
which for later convenience we label V 1 , V 2 and V 3 respectively. Substituting the asymptotic form of β ± gives
If all the terms above are to be negligible, we require the following equations to be satisfied simultaneously
It is clear from Fig.3 that these three conditions cannot be satisfied simultaneously and at least one of the terms is growing at any given time. Thus the particle is approaching one section of the walls of the pyramidal box at any given time. Therefore the dynamics of the dust-Bianchi IX near the singularity is characterized by periods in which H V is negligible compared to H K , and the dynamics resembles that of the dust-Bianchi I model (dust-Kasner phase). These periods are punctuated by periods in which one of the terms in (70) is large enough that H V is cannot be neglected causing a "bounce" from one dust-Bianchi I solution to another.
Thus, unlike vacuum Bianchi IX, the dust-Bianchi IX universe bounces between Bianchi I solutions that are not vacuum Kasner. In BKL's language, the dynamics of dust-Bianchi IX is characterised by oscillations between dust-Bianchi I regimes. This gives a new physical picture of the approach to the singularity in dust time gauge.
V. TRANSITIONS BETWEEN DUST-BIANCHI I EPOCHS
We have established that dust doesn't change the oscillatory nature of the Bianchi IX dynamics near the singularity. The dynamics can still be viewed as that of a particle bouncing in a steep triangular potential well, with dust-Kasner regimes between bounces. We would now like to quantify this oscillatory behaviour.
The cornerstone of BKL's analysis of Bianchi IX dynamics is the transition rule governing transitions between various Kasner epochs. In the same spirit we derive a rule that relates the pre-and post-bounce dust-Bianchi I solutions, when these bounces occur away from the corners of the potential. The method of consistent potentials shows that the three dominant terms in the potential peak at different times. Let us consider first the potential term
which is (a section of) one of the walls of the triangular potential. The truncated Hamiltonian for this wall is then
It is evident that p − is conserved since the poisson bracket {p − , H 1 } = 0. Therefore its change at this potential wall is zero:
However the momentum p + (which is conserved for dust-Bianchi I) undergoes a change upon collision. To find this change let us consider the equations of motion in dust-time:
These imply
where α is an integration constant for the Bianchi IX universe near the section of the potential characterized by V 1 . Now recalling that p + and p − are (approximate) conserved quantities away from the potential wall (where H K V 1 ), the Universe returns to this region with a different value of p + after a bounce at the wall. Therefore the dust-Bianchi I regimes before and after collision at the wall V IX ≈ V 1 are all characterized by the following condition on the integration constants (ie. the last equation evaluated at t = 0):
Now since α is a dust-Bianchi IX integration constant for this wall, we have the relation
which gives the initial data change for the dust-Kasner phase after collision with V 1 . This equation is central to our analysis below.
This is the vacuum case. The following steps give an elegant derivation of the BKL law, which demonstrates the utility of the dust time gauge. Away from the potential wall we have
This suggests the parameterization cos θ ≡ p + /p Ω and sin θ ≡ p − /p Ω . Since θ undergoes a change at a wall, let us denote its values before and after the bounce respectively as (
(θ provides an abstract parametrization and in general we cannot interpret it as the angle of incidence or deflection in the (β + , β − ) plane.) The conservation of p − at the wall V 1 gives
and (79) gives
Combining these equations gives
This rule can be cast in terms of one parameter u. Since p Ω is a constant when H p ≈ H K = 0, following Misner [13] we choose the parametrization
Then the transition law (83) becomes u f = (u i − 1)/3.
B. Transition Law: H
This is the case that gives one of our new results. It differs from the previous (H p = 0) case in two respects. First, in contrast to (80), the dust-Kasner physical Hamiltonian (65) now gives
where δ = e −3Ω(0) is the initial volume of the dust-Bianchi I solution and Γ is defined in Section III B. It is important to remember that though the dust-Kasner solution involves six integration constants, the dust-Kasner phase is completely characterized by three integration constants as three constants can be absorbed in redefinitions of the spatial coordinates. Thus a collision with Bianchi IX wall V 1 induces the shift:
Importantly, the shift in δ is now relevant since H p = 0. Its role is critical for extracting the matter independence of the near singularity transition law we derive below. Secondly, in the kinetic term dominated region (i.e. H 1 ≈ H K ), p Ω is not a constant but depends linearly on t. Thus (79) as the relation between the integration constants for dust-Bianchi I before and after the bounce at V 1 , since this condition was derived from the full Bianchi IX equations at wall V 1 .
Given (85), we define the modified parametrization, before (i) and after (f ) the collision, by
Then the conservation of p − at the bounce gives, as before,
Note, θ is a redundant parameter introduced for convenience and the shift in θ is determined by the shift in Γ which in turn is governed by the shift in p 0 Ω and δ. Now the condition 
We note that if H p = 0 (ie. no dust) this reduces to the BKL-Misner rule. However, as it stands the transition rule is not complete since we have so far not given a prescription for how δ changes. The shift in δ can be obtained by using the dust-Kasner energy conservation, which for the wall
Equation (89) supplemented by (90) is one of our main results. We now show how these equations yield the vacuum BKL-Misner rule.
Matter does not matter: δ transition law
As it stands (89) raises the question of compatibility with results from other approaches which establish that the transition rule is matter independent. We now show that sufficiently close to a singularity, the transition rule is such that δ → 0. Therefore Γ → p Ω , and our new law reduces to BKL-Misner rule. We demonstrate this for both the initial and final singularity. As a byproduct, we see that our law is the first generalization to include matter, via a matter time gauge, in the intermediate region where "matter begins to matter."
To establish this let us note the following: the transition law (dust-Kasner) (i) → (dustKasner) (f ) at any wall is governed by the dust-Kasner energy conservation equation
since the total energy H p of the Bianchi IX solution does not change. Now the change in p + and p − is bounded sinceṗ ± can be positive or negative at different walls. Therefore close to a singularity, the sign of ∆δ is completely determined by ∆(p 2 Ω ). We now establish that ∆δ > 0 during the expansion phase and ∆δ < 0 during the contraction phase. This is sufficient to show that (89) reduces to the vacuum rule sufficiently close to a singularity. We do this by showing that ∆(p 2 Ω ) accumulates in one direction. Let us first note that the dust-Kasner evolution implieṡ
Since the sign ofΩ is determined by the sign of p Ω , we have p Ω < 0 for dust-Kasner evolution. During the expansion phaseΩ I andΩ IX have the same sign (−ve), and near the singularity in regions where the potential is significant, (64) giveṡ
Thus, after a bounce from the wall V 1 ,ṗ IX Ω decreases more than it would due to dust-Kasner evolution alone. This extra decrease implies that the shift in the dust-Kasner parameter p 0 Ω is negative, i.e. ∆p 0 Ω < 0. Moreover, as the singularity is approached, the inequality in (93) grows and so does the magnitude of the shift. Since the inequality in (92) 
Thus, ∆(p 0 Ω ) 2 > 0 and increases with each successive bounce, while ∆p 2 ± remains bounded. Therefore, ∆δ > 0 in the expanding phase. A similar argument leads to the conclusion that ∆δ < 0 in the contracting phase. Therefore, as either the past or future singularity is approached in dust time, we have
and our transition law (89) reduces to the matter-independent BKL-Misner rule. We note that the transition rules at the other walls (V 2 & V 3 ) will in general be different from the law derived above. This is because though the quantity conserved at these walls can be obtained by suitably rotating (74), it is not possible to obtain the analog of (79) in a similar fashion. Therefore, the transition law at the other walls cannot be transformed into the law derived above. This is evident when we note that though the potential term in the Hamiltonian is invariant under rotations of 2π 3 , the kinetic term H K does not have the same symmetry. Lastly, we can recover the dust-Kasner scale factors before and after a bounce by noting that the integration constants appearing in the transition rule are related to dust-Kasner exponents by
VI. BIANCHI IX DYNAMICS WITH DUST AND SCALAR FIELD
It is known that a scalar field suppresses the oscillations between Kasner regimes that characterize the mixmaster dynamics of a generic approach to a singularity. Berger [31] first used MCP to clarify the role of the scalar field. In this section we apply this technique to investigate the near singularity dynamics of a Bianchi IX universe filled with dust and a homogeneous scalar field. In the dust time gauge, the physical Hamiltonian for a Bianchi IX spacetime with dust and a homogeneous scalar field χ is
where p χ denotes the momentum conjugate to the scalar field and V χ (χ) is the scalar field potential. As in the last section, we can again view the Hamiltonian as a sum of two terms H K and H V where
To apply MCP we are interested in the solutions with the free Hamiltonian H K . The equations of motion are the set (64) with v = 0. We note also that from (97)
Therefore, we can parameterize p ± as
with
Using the asymptotic expansions for β ± in H V , near the singularity we have
None of the terms in H V are significant if the following inequalities are satisfied simultaneously
All three inequalities are satisfied for k < 1/4. Thus, in the presence of the scalar field the oscillatory dynamics of the dust filled Bianchi IX model is suppressed when the scalar field momentum satisfies 
VII. DUST TIME PATH INTEGRAL
There is so far no complete quantization of the Bianchi IX system, despite a long history of attempts at solving the Wheeler-DeWitt equation. All attempts involve approximations of one type or another, and are largely qualitative in nature. Here we give a path integral quantization of the dust-Bianchi I model in the dust time gauge. Specifically we derive an effective action for the scale factor Ω by integrating out the anisotropy degrees of freedom β ± in the path integral.
The canonical action in dust time gauge
gives the Lagrangian
This resembles a particle version of sigma-model action with non-trivial Ω − p ± interaction. An effective action for Ω is defined by
This is a standard computation. Discretizing time in steps and writing Dβ = dβ 1 · · · β N , each Dβ integral is
The full path integral is then
where the measure is defined to absorb the factors coming from the β − and β + integrations, and
The curious feature of this result is that S eff is the same as what one would obtain by merely switching off by hand the anisotropic degrees of freedom. Had we not reabsorbed the Ω factors coming from the β ± integrations into the measure, it would not have ben possible to define an effective action in the usual manner. The effective equation of motion isΩ
which has the general solution
From (61) the resulting scalar factor is a = exp(−Ω) = (c 1 t + c 2 ) 2/3 , which is the usual matter dominated result. Using this observation, it may be possible to treat the full action for the Bianchi IX case, including the potential, using tunnelling methods between different dust-Kasner vacua.
VIII. SUMMARY AND DISCUSSION
We studied the Bianchi I and IX cosmologies with dust in the Hamiltonian theory in the dust time gauge. We first gave a new derivation of the Heckmann-Schücking solution (dust-Kasner) in the dust time gauge, and used this to study the Bianchi IX dynamics. We showed this approach gives a new physical picture of Bianchi IX evolution, as a series of dust-Kasner epochs between bounces from the anisotropy potential walls. We then derived the transition law for these dustKasner epochs. This law differs significantly in detail from the vacuum case derived by BKL and Misner, and its form is different at each of the potential walls.
In the dust time gauge it is not possible to separate the dust degrees of freedom from the gravitational degrees of freedom, since the extra degree of freedom is manifested in the metric, and matter is "locked in" with time. Therefore it is not surprising that the transition between different dust-Kasner regimes is governed by more than one parameter.
This leads to a puzzle: how does the "matter does not matter" result arise in a context where evolution is defined with respect to matter time, (dust in our case)? To answer this we showed that the transition rule we derived reduces to the vacuum BKL-Misner law sufficiently close to a singularity.
Lastly we used the dust time classical analysis to develop a path integral quantization with the aim of integrating out the anisotropy degrees of freedom. This is a new idea which bypasses the usual approach to the path integral in quantum gravity, eliminating the need for an integration over the lapse function, and instead using the more tractable physical Hamiltonian in the dust time gauge. For the dust-Kasner case, the effective action for the homogeneous dynamics turned out to be equivalent to matter-dominated cosmology. The effective action with the anisotropy potential remains open.
The main thrust of the paper is an exploration of Hamiltonian cosmology in the context of the physical time-independent Hamiltonian obtained in the dust time gauge. We consider this to be a potentially useful approach for studying the classical and quantum dynamics of more complex models such as the Gowdy cosmologies. These have so far only been studied to some extent in a volume time gauge, which introduces explicit time dependence in the Hamiltonian and equations of motion. Of particular interest is the approach to the singularity in the quantum theory, which may be simple if the classical equations are indeed vacuum dominated and homogenous. 1 For then the classical singularity to be resolved is the one provided by a homogeneous cosmology. this spacetime is characterised by three scale factors a(t), b(t), c(t) along the spatial directions l a , m a and n a ,
The vacuum Einstein's equations for this system are a set of three evolution equations and a constraint for these scale factors (excluding the constraints given by the R 0a = 0 equations):
whereḟ = df dt . Using the transformations
and a new time variable τ dt = abc dτ, 
with f τ = df dτ . Assuming there exists a period during the evolution when all terms on the right-hand side of (A5) can be neglected, the above equations can be solved exactly to give
where the exponents satisfy the following conditions
and t = 0 is a singularity. BKL called this the Kasner regime. The Kasner regime cannot persist since at least some of the terms on the right-hand side of (A5) are growing. Furthermore, in order to satisfy the conditions (A8) the exponents cannot all have the same sign. Without loss of generality we can assume p 1 < 0. Then as the singularity is approached, the Kasner regime is perturbed by the term e 4α . Neglecting all other terms in (A5) we have
Misner carried out a Hamiltonian analysis that paralleled BKL's in [12] . He proceeded by multiplying the Hamiltonian constraint by √ q = e −3Ω and reduced the theory by choosing the time gauge t = Ω. The physical Hamiltonian for this choice of time is
(A24) This Hamiltonian is explicitly time dependent and the system can be viewed as a particle in an expanding triangular box. The singularity is approached as Ω → ∞. Therefore, near the singularity the potential term is only dominant when v(β + , β − ) = 
and the "universe particle" behaves as a Bianchi I universe , i.e. it moves along straight lines in the (β + , β − , Ω) space. Misner parameterized this straight line motion as:
This parametrization works because ( It can be shown that the wall velocity is β wall = 1/2, thus the universe particle moves twice as fast as the wall in the region V < 1. Therefore, at finite intervals the trajectory of the particle collides with the potential wall and is deflected from one straight line (Bianchi I) motion to another. This Misner denoted as the bounce. In order to characterise this bouncing (oscillatory) dynamics we need to relate the parameters of the trajectory after the bounce to those before the bounce. Misner did this by relating the angle θ after the bounce to that before the bounce. Sinceβ is the velocity of the universe particle, the angle θ can be interpreted as the angle of incidence of the particle trajectory on to the potential wall. Let the parametrisation of the initial velocities be
− /H (i) = sin θ i and the parametrisation after the bounce be (
The asymptotic form of the Hamiltonian near the wall defined by V 1 is
Then, p − and the quantity K = 1 2 p + +H are conserved during the bounce. This gives the following two equations
which lead to the following rule relating θ i and θ f
In terms of the parameter u, the above rule is u f = u i − 1.
Dynamical Systems Approach
In order to effectively apply dynamical systems techniques to the Bianchi IX system, the Einstein Field Equations must be expressed in terms of bounded variables. Such a set of variables can be obtained in the 1 + 3 formalism and are known as expansion normalised variables. In the 1 + 3 formalism one begins by choosing an orthonormal frame such that the local line element becomes ds 2 = η ab σ a σ b where σ a are dynamics one forms which satisfy the Lie algebra of the symmetry group for some Bianchi type. The time variable (τ ) is chosen such that it is constant on the group orbits. The dynamical variables in this approach are the structure constants γ α µν of the group Lie algebra which are constants on the group orbits but functions of the global time variable. These can be written as 
where H is the expansion scalar, σ ab is the shear tensor, Ω a is the angular velocity and ω a is the vorticity of some fundamental time-like velocity field. The spatial components can be decomposed as 
The Einstein field equations consist of evolution equations for (H, σ ab , ω a , n ab , a a ) and four constraint equations. The variables u α and Ω a are completely determined by a choice of frame (equivalent to determining the ADM lapse and shift). A key step in the dynamical systems analysis is to normalize all dynamical variables by appropriate powers of the expansion scalar to ensure that the variables remain bounded as the singularity is approached. Using a time coordinate such that the lapse is set to the expansion scalar, H cancels out from the evolution equations for the other varaibles. Thus the state space is reduced to (Σ ab , ω a , N ab , A a , Ω), where each variable is normalized by the expansion scalar and Ω is the matter density divided by H 2 . For the class A Bianchi models A a = 0, so we neglect this variable from hereon. The evolution can be formulated as
where X denotes the reduced state space since the evolution of the expansion scalar decouples. For the Bianchi IX models with orthogonal perfect fluid the reduced state space is five dimensional. It is desirable that the state space be compact, that is no variable diverges faster than the expansion scalar as the singularity is approached or goes to zero faster in the late time limit. For all Bianchi models except Bianchi V II 0 and V III the expansion normalized state space is compact. Defining the shear parameter Σ = 
The matter degree of freedom satisfies the evolution equation
where q is the deceleration parameter. Thus, Ω = 0 defines an invariant set for this system of equations. This invariant set is also the boundary which defines the evolution of the vacuum Bianchi models. In a seminal paper [24] , Ringstrom proved the Bianchi IX attractor theorem that states a generic Bianchi IX orbit has a limit set near past and future infinity which is a subset of the Bianchi IX attractor. The Bianchi IX attractor is the union of the vacuum Bianchi I and Bianchi II invariant sets of the evolution equations for X. The vacuum Bianchi I invariant set is characterized by N a = 0 for a = 1..3 and Ω = 0 and is nothing but the Kasner circle discussed in the metric variable approach. The vacuum Bianchi II subset is characterized by one N a > 0 and the other two equal to zero along with Ω = 0. The Bianchi IX attractor theorem formalizes BKL and Misner's analysis of the near singularity Bianchi IX dynamics in terms of transitions between Kasner solutions via Bianchi II bounces. Ringstrom showed that the Ω tends to zero in the asymptotic limit and therefore the Bianchi IX attractor is the union of vacuum invariant sets. This is the analogue of q 0 tending to zero as the singularity is approached. Further details about these variables and the use of dynamical systems technique in cosmology refer to [23] . Details about the Bianchi IX attractor and the proof of theorem can be found in [24] and [34] .
